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ABSTRACT: We derive a course-grained Brownian dynamics simulation algorithm for the motion of DNA
chains under an external electric field. We generalize a model for bulk rheological response of entangled polymers
by Schieber et al. [J. Rheol. 2003, 47, 213], allowing both rheology and electrophoresis to be modeled under the
same theoretical framework. The effect of the external electric field is included by modifying the strand free
energy, which then influences both the monomer sliding dynamics between entanglements and the renewal of
entanglements at the chain ends. We also modify the free energy to include the finite extensibility of the chain
segments and account for changes in local chain mobility with chain configuration. The resulting model gives a
detailed account of the chain dynamics on length scales above the tube diameter and is suitable to model a wide
range of field conditions. Simulation results for a constant-field mobility are presented, which fully characterize
the model under these conditions. We ensure that the model captures known scaling regimes from analytic theory
and compare the predictions to a set of experimental data for constant-field mobility of double-stranded DNA in
agarose gels at a range of gel concentrations. This data comparison provides a method to characterize DNA-
matrix systems, providing possibilities for modeling of more general field conditions.

1. Introduction

Studies of the dynamics of DNA during electrophoresis
provide insight into the fundamental physics of confined, highly
deformed polymers and aid the development of practical tools
for molecular biology. The separation of DNA is particularly
important since it allows access to a range of relevant properties
through the analysis of DNA fragments by size. DNA separation
is frequently performed by driving the chains through an
entangling medium with an external electric field. If the drift
velocity under the electric field is sufficiently dependent on
chain length, then fractionation results. However, separation of
DNA by electrophoresis suffers from a number of practical
limitations. With an electric field that is constant with time
double-stranded DNA fragments of up 30-40 kilobase pairs
(kbp) can be separated. However, separation of larger fragments
is not possible with constant fields since the drift velocity
becomes independent of chain length. A qualitatively similar
loss of resolution with chain length is also encountered for
single-stranded DNA. As an example, DNA sequencing, which
involves fractionation of single-stranded DNA, is essential to
modern molecular biology, and the need for evermore efficient
and convenient sequencing methods is expected to grow as
future applications are found.1,2 Many sequencing methods
require bulk amounts of DNA,3 and although there are alterna-
tives, requiring only a limited number of molecules, such as
fluorescence in-situ hybridization (FISH), they offer poorer
resolution.4 An ideal technique would combine rapid, high-
resolution sequencing from a small number of molecules. An
understanding of the molecular mechanisms that control the
dynamics of entangled DNA chains under electric fields may
help resolve these issues.

Time-dependent electric fields have been advanced as possible
solutions to some of these separation and sequencing issues.

Pulsed fields, in which the field direction varies periodically in
with time, can be used to separate longer DNA chains.5,6 For
example, the drift velocity depends strongly upon pulsing
frequency for molecular weights extending into hundreds of kbp
for double-stranded DNA. However, practical application of
these techniques encounters difficulties with the speed a
reliability of separation.7 Alternatively, stretching of DNA
molecules by electric fields offers possibilities for sequencing
small numbers of molecules, by either selective labeling8 or
cutting9,10of specific nucleotides on stretched chains. Entangled
DNA molecules have been successfully stretched with oscillating
electric fields by Ueda and co-workers.11-13 This technique,
known as electrostretching, is particularly attractive since it may
be incorporated into practical, integrated DNA analysis de-
vices.14,15 In each of these cases the difficulties encountered in
constant-field electrophoresis are avoided because the time-
dependent field never allows the chains to reach a steady state
with respect to a particular field direction or magnitude. In fact,
the results from both techniques suggest a resonance effect with
the underlying molecular time scales. In order to elucidate and
predict the physics governing these processes, which have
considerable practical importance, there is a clear need for a
comprehensive molecular model. Such a model must capture
the DNA dynamics in entangled media subjected to external
electric fields and be sufficiently general to model both constant
fields and time-dependent fields.

In this paper we build upon existing approaches to the
simulation of electrophoresis. We identify those issues with
existing models that prevent them from satisfying the above
requirements. These shortcomings are tackled by incorporating
more detailed entanglement physics, drawing upon insights
gained from molecular modeling for bulk flows of entangled
polymer fluids. From a slip-link description of the entangling
medium, we derive a single chain, coarse-grained Brownian
dynamics algorithm for entangled DNA molecules that can
model a wide range of external field conditions. We quantita-
tively test this model against constant-field DNA mobility. From
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this comparison we are able to extract molecular parameters
for the DNA-matrix system which will be useful when
modeling time-dependent fields.

2. Modeling of Entangled Systems
In electrophoresis experiments the interactions between

distinct DNA molecules are unimportant. The chain dynamics
are dominated by the interactions between a single DNA chain
and the surrounding medium, which suggests that single
molecule simulations are a natural theoretical tool with which
to approach this problem. Indeed, a number of computation
investigations of electrophoresis in which the entanglement
environment is modeled by a series of fixed obstacles have been
made.16-18 While many significant insights have been gained
from simulations involving this direct representation of the gel
constraints, the approach has two limitations. Significant
computational time is required to resolve the chain motion on
short length scales, which wastes computational resources since
these small-scale configurations often remain in equilibrium.
Additionally, these models require numerous parameters to
describe the entangling medium, and the connection between
these parameters and experimental conditions is ambiguous. In
contrast, the Doi and Edwards tube model19 offers a minimal
parameter representation of the entangling environment. The
model asserts that, since one chain may not pass through another,
each chain experiences strongly restricted motion lateral to its
curvilinear path but no confinement for motion parallel to it.
The constraints are assumed to be felt only beyond a length
scale,a, the single parameter that characters the environment.
Effectively, each chain is confined to a tube of diametera. The
chain ends are able to explore the mesh free of this topological
constraint, which allows the chain to renew its configuration.
In the case of rheological modeling, extensive quantitative
comparisons with tube model predictions have been made (see
refs 20-22 for a recent summary). Furthermore, analytic tube-
based theories have successfully explained a number of scaling
relations seen in steady-field electrophoresis.23-25 A bead and
spring type Brownian dynamics simulation algorithm for
electrophoresis was developed by Noolandi et al.,26 which was
based on a generalized tube model. However, Brownian
dynamics simulations of entangled chains for rheological
modeling have advanced significantly since this work. In
addition, the connection between DNA dynamics under elec-
trophoresis and rheology has been further strengthened by recent
direct bulk rheological measurements on DNA fluids, in both
the dilute27,28 and entangled29 regimes. Thus, we look to adapt
modern coarse-grained simulation algorithms, originally devel-
oped to model rheological measurements, to produce a general
molecular model for electrophoresis.

2.1. Temporary Network-Type Models and Electrophore-
sis. Rheological measurements on entangled polymer fluids
underpin much of the theoretical understanding of these fluids.
Early rheological models for polymer fluids adapted the network
theory of rubber elasticity, adding dissipative relaxation through
phenomenological postulation of the rates of creation and
destruction of the network junctions. Recently, this temporary
network approach has been refined to produce a number of
algorithms for coarse-grained simulation of entangled polymer
fluids.30-32 These models have two significant departures from
traditional temporary network models. The number of monomers
in an entangled strand is not a constant parameter but fluctuates
according to some dynamics, which are specified by molecular
theory. Thus, the monomers are allowed to slide through the
network junctions, which eventually permits long-range sliding
motion, known as reptation. Furthermore, the dynamics resulting

from this monomer motion trigger the creation and destruction
of entanglement junctions or slip-links, in place of the earlier
phenomenological approach. Thus, the restriction of chains’
lateral motion, which is characteristic of the tube model, is
enforced through the entanglement junctions, and these junctions
are renewed as the chain ends explore new regions of the melt.
These approaches have been used to model the dynamics of
entangled chains under both linear and nonlinear deformations.

The temporary network approach has also been applied to
electrophoresis modeling by Zimm,33,34in the so-called lakes-
strait model. In this model the entanglement environment is
pictured as a heterogeneous mesh, comprising open spaces and
tight pores. Chains can move freely in the spaces between gel
fibers, termed lakes, yet are strongly confined in the tight pores
or straits. An entangled DNA chain occupies a series of lakes
which are joined by short, narrow gateways or straits, in which
the chain is tightly confined. In terms of the more recent
rheological models, the lakes play the same role as entanglement
segments, and the straits are equivalent to entanglement junc-
tions. It is worth noting that Zimm’s work substantially predates
the recent applications to rheology, and although the lakes-
straits picture of entanglements is somewhat nonstandard when
compared to current ideas, Zimm’s simulation algorithm is
remarkably similar the modern implementations discussed
above. The lakes-straits model successfully predicted the
antiresonance effect in pulsed field electrophoresis. Experimen-
tally, if a periodically varying electric field is superimposed over
a constant field, then the mobility vs pulsing frequency for a
fixed molecular weight will contain a deep minimum.5 The
lakes-straits model mirrored these results. The simulation
results also allowed the tube-based approach to make contact
with the emerging results for direct molecular visualization of
electrophoresis.

While the lakes-straits model was a significant advance, there
were a number of limitations in its implementation. These either
arise from the algorithm itself or are due to the limitations of
computing power at the time the model was developed. Some
of these issues are general to the temporary network approach,
and some guidance on addressing these can be found in the
more recent rheological models. The computational problems
can be addressed through a combination of refined numerical
techniques and recent advances in computational power. Finally,
we may modify the physical assumptions of the model where
necessary. The lakes-straits heterogeneous picture of the
entanglement environment is at odds with current ideas about
the nature of entanglements in fluids of flexible polymers, such
as polyacrylamide. Neutron and X-ray scattering data show no
significant correlations in density fluctuations in concentrated
polymer fluids.35 Furthermore, some recent theories argue that
entanglements are due to the net effect of many delocalized
fluctuating interactions between multiple neighboring chains,
and so a homogeneous, mean-field picture of the entanglement
effect is closer to the correct physics.36,20 Even though slip-
link-based models generally assume that entanglements consist
of predominantly two-chain interactions,30,32,37 they are still
based on a homogeneous picture of the entanglement environ-
ment. Agarose gels are somewhat different due to the rigidity
of the constituent fibers which cause heterogeneity in the gel
pore size. Nevertheless, mean-field approaches to the confining
potential appear to be able to describe DNA mobility in such
gels.40 This may be because a long DNA chain will simulta-
neously occupy many gel pores or because, during a long
electrophoresis run, a DNA chain samples a very large number
of gels pores. For these reasons a mean-field approximation for
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the effective confining potential appears to work. It is, therefore,
convenient to re-formulate any part of the lakes-straits model
that relies upon the assumption of inhomogeneity of the
entangling medium. For example, in the lakes-straits algorithm,
the electric force is only imposed on chain segments in the
straits, while those in the lakes are ignored. In our approach,
the effect of the field on all segments of the chain will be
accounted for.

Renewal of entanglements at the chain ends can be prob-
lematic in Brownian dynamic simulations of entangled polymers.
Intuitively, one would like to implement the idea that as the
chain drains from the end segment, eventually that segment
should be destroyed since it is no longer occupied; conversely,
as monomers accumulate in the end segment, eventually a new
segment should be made. The simplest implementation of this
idea into a simulation algorithm involves minimum and
maximum threshold values for the occupancy of the end
segments. Entanglement segments are created or destroyed when
the appropriate condition is violated. This approach has been
used in rheological modeling30 and was also used in the
Noolandi et al. electrophoresis model,26 where the influence of
the external field on the orientation of newly placed segments
was also ignored. Unfortunately, this simple approach spoils
the time-step convergence of the simulation algorithm. As the
time step is decreased, the simulation resolves increasingly fine
Brownian fluctuations of the chain ends, resulting in evermore
frequent creation and destruction events. Since the motion of
the chain ends controls renewal of tube segments, and ultimately
the chain configuration, a detailed account of this renewal
process is desirable and could be especially important for strong
time-dependent fields. In the lakes-straits model the rate of
overflow of the chain ends was derived on the basis of diffusion
of the dangling ends over a potential barrier, resulting in a
probability per unit time of entanglement renewal. However,
this derivation explicitly relies upon the lakes-straits inhomo-
geneous picture of the entanglement environment, and we would
like to rectify this to be consistent with a mean-field picture of
entanglements. Furthermore, it was argued that the influence
of an external electric field on entanglement creation is
negligible in electrophoresis and that Boltzmann weighting of
the orientation of the new segments in the external field is more
than sufficient.33 While this may be true for low fields, we
believe that biasing of newly created segments by the field is
essential to quantitative modeling of general time-dependent
fields.

This end renewal question also arises in rheological modeling;
consequently, some alternative strategies can be found in these
models. Masubuchi et al.30 used a simple threshold condition,
similar to the approach that we discounted above. The problem
of time-step convergence is bypassed by enforcing a fixed time
interval between each application of the condition, regardless
of the simulation time step. The chosen time interval is the
Rouse time of an entanglement segment,τe, which is the fastest
resolved time scale in these models. Similarly to the lakes-
straits model, Schieber et al.32 also derived a probabilistic test
for entanglement renewal. They used a detailed balance argu-
ment to derive expressions for the probability per unit time for
both creation and destruction of entanglements, tacitly assuming
a homogeneous picture of the entanglement environment. The
resulting algorithm is stable to changes in the time step and is
controlled by the free energy of the chain, thus providing a
framework that can naturally be extended to electrophoresis
modeling. See section 3.3.2 for more details of this process.

All temporary network-type models have a degree of inherent
numerical stiffness since, even if the chain spring constant is
Gaussian, the number of monomers in an internal strand cannot
fall below zero. This condition is enforced by a singularity in
the strand free energy as the number of strand monomers shrinks
to zero. This significantly complicates numerical solution of
the model. Masubuchi et al.30 tackled this problem by imposing
an artificial minimum value on the number of monomers in each
segment, which was set close to zero, and then demonstrating
that their results were not sensitive to the precise value of this
cutoff. However, this is unlikely to be true for situations
involving a significant chain stretching. Similarly, the lakes-
straits model imposes a crude form of finite extensibility on
the each segment by locking the number of monomers in each
segment once it reaches some minimum value, allowing sliding
but no further stretching. In the most complete treatment,
Schieber et al.32 use an implicit time stepping scheme. This
scheme ensures that singularities in the chain free energy cannot
be passed over so the numbers of monomers in each entangle-
ment segment remains within the bounds of physically mean-
ingful values. Although Schieber et al. used a Gaussian form
for the strand free energy, we will generalize their approach to
model finitely extensible chains.

Zimm’s direct simulation of the lakes-straits model33

involved a number of numerical shortcuts to reduce the
computational effort required to solve the model, at the cost of
less accurate solutions. The Brownian forces were implemented
only at the chain ends to ease the numerical disruption caused
by Brownian jostling of the monomers in internal segments.
This is effectively a neglect of diffusion-driven fluctuations in
the tube contour length, yet the biased reptation theory with
fluctuations (BRF) demonstrated that fluctuations play an
essential role in the quantitative modeling of constant-field
electrophoresis.24,38 Similarly, we expect these fluctuations to
have a quantitative effect on more general time-dependent fields.
For example, Ueda et al.12 proposed a mechanism for electros-
tretching in which hairpin configurations of the chain play a
key role. Internal chain fluctuations and the selection of new
entanglement segments will strongly affect the formation of
these hairpins and the response of the chain when in this
configuration. In a further approximation, Zimm used a crude
implementation of finite chain extensibility as discussed above.
Recent advances in computing power mean that neither numer-
ical shortcut is now necessary, and we are able to study the full
effect of Brownian fluctuations on the internal modes of a chain
and can smoothly introduce chain finite extensibility through
the appropriate strand free energy.

Many of the above elements have been incorporated into a
nonlocal Monte Carlo simulation algorithm by Duke and
Viovy,39 which describes DNA electrophoresis behavior well.40,41

However, there are a number of important differences in the
work presented here. We use a Langevin stochastic formulation,
which although based on similar physics to the nonlocal Monte
Carlo approach, provides a significantly different description
of the chain dynamics. Our model allows a continuous descrip-
tion of the monomer sliding dynamics, which is controlled by
a well-defined force law for the chain extension. Our model
also contains a detailed description of the influence of the
electric field on the creation of new entanglements at the chain
ends. In this algorithm the orientation, length, and number of
monomers in a newly created segment are selected stochastically
from a distribution determined by the chain free energy,
therefore accounting for thermal fluctuations, the external field,
and finite extensibility of the chain segments.
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3. The Schieber et al. Temporary Network Model

As discussed above, the simulation algorithm of Schieber et
al.32 has a number of advantages over other models when we
consider generalizations to electrophoresis modeling. Specifi-
cally, the approach can readily include the effects of chain finite
extensibility and an external electric field, and the model
naturally allows a detailed consideration of the influence of the
external field on the entanglement creation dynamics. Before
generalizing the model, we present a brief review of the
rheological approach, for which full details of the derivation
may be found in refs 32 and 42.

3.1. Chain Description.The test chain is coarse-grained on
the length scale of the entanglement network. It comprisesNK

Kuhn steps or “monomers’’ of step lengthb and is divided into
Z strands, which join togetherZ - 1 entanglement junctions
(see Figure 1). The chain configuration is fully specified, up to
the chosen level of coarse-graining, by the position of each
entanglement junction, along with the number of monomers in
each strand. The two end segments,N1 andNz, are attached to
a single entanglement junction and are referred to as dangling
ends. Thus, the degrees of freedom in the model are{Ri}, the
position vectors of the entanglement junctions, and{Ni}, the
number of monomers between junctionsi - 1 andi. All chain
configurations on shorter length scale are assumed to be in
thermal equilibrium. The total number of entanglement strands
varies with time, fluctuating according to the dynamics of the
chain, with the total number of monomers fixed. Also shown
in Figure 1 are the vectors joining consecutive entanglement
junctions,Qi ) Ri - Ri-1, which we will refer to throughout
this paper. A version of the model was derived in which the
number of monomers occupying an entanglement strand is taken
to be a continuous variable.32 We adopt this continuous approach
throughout this paper.

3.2. Chain Free Energy.The chain free energy governs both
the equilibrium properties and the dynamics of the chain
ensemble. For the free energy of an internal strand,Fs, Schieber
et al.32 used the standard expression for a Gaussian random walk

where the subscripts s denotes an internal strand andNe is the
average equilibrium number of Kuhn steps, or “monomers’’,
per entanglement strand. The lnNe term is a modification to
the usual Gaussian free energy. It accounts for the free energy
cost per entanglement segment and ensures the chain has the
appropriate average number of entanglements in equilibrium
〈Zeq〉 ) N/Ne. For the free energy of a dangling end,FE, Schieber
et al.32 used the following form

where the subscript E denotes an end strand. Later we will
modify both of these free energies to incorporate finite chain
extensibility and an external electric field in order to adapt the
theory to electrophoresis modeling.

The chain equilibrium distribution is given by the Boltzmann
factor of the total free energy along with the constraint that the
total number of monomers must beNK

where the delta function enforces the monomer constraint and
J normalizes the distribution. From this expression Schieber et
al.32 derived an algorithm for generating chains with this
equilibrium distribution.

3.3. Chain Dynamics.The dynamics describing the exchange
of monomers between segments in the model are described by
a Fokker-Planck equation for the probability density function
for the chain configuration,p({Qi},{Ni})

whereLij is the mobility matrix, defined in eq 6. The monomers
diffuse in response to Brownian forces and are driven across
the entanglement junctions by differences in the chemical
potential

which originate from the spring force and, in our modification,
the external electric field.

3.3.1. Mobility Matrix. Equation 4 requires us to stipulate
the mobility matrixLij, which specifies the rate of the response
of the system to an external force. This external force is
expressed as a difference in chemical potential between two
neighboring segments. Differences in chemical potential cause
monomers to leave one segment and enter its neighbor by sliding
across the junction point. This results in the following form of
the mobility matrix as used by Schieber et al.32

This matrix is similar to that from the Rouse model. The
tridiagonal property ofLij enforces the correct chain connectivity,
the condition∑iLij ) 0∀j ensures monomer conservation, and
the rate of monomer sliding is set by the time scaleτK ) úb2/
kBT, where ú is the friction coefficient per monomer. This
quantity leads to the Rouse time of an entanglement segment,
τe ) Ne

2τK, which is the fastest time scale that is resolved by
this level of coarse-graining. Schieber et al.32 took these time
scales to be constant by assuming that the mobility matrix does
not change with the chain configuration. They acknowledged
that this causes the total chain friction to be proportional to the
fluctuating value ofZ and briefly discussed other possible
assumptions forLij. Below we will derive an expression for the
mobility matrix in which it fluctuates with the local chain
configuration, under the assumption that each monomer carries

Figure 1. Coarse-grained representation of an entangled polymer chain,
indicating the degrees of freedom used in this model.
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an equal amount of drag. The rate of this sliding process turns
out to be crucial to electrophoresis modeling.

With the mobility matrix specified, eq 4 can be converted to
an equivalent system of stochastic differential equations which
are suitable for solution by Brownian dynamics simulation.
Essentially, one must follow the general algorithm for this
procedure, as described in ref 43, which leads to

where dWi is a Wiener increment with zero mean and unit
variance. The equations can be solved implicitly over a finite
time step∆t which ensures that the monomer occupation number
remains positive.

3.3.2. Entanglement Renewal at the Chain Ends.Equation
4 describes the motion of monomers within the entanglement
segments but does not allow for renewal of entanglement
junctions at the chain ends. The probability per unit time (or
rate) of creation or destruction of an end junction depends upon
the instantaneous number of monomers in the corresponding
end segment and is tested at each time step of the simulation.
Figure 2 shows an entanglement creation event along with all
relevant variables. The creation process is governed by the
functionWc(c(NE,Qs,Ns), which denotes the probability per unit
time of creating a new segment of vectorQs with Ns monomers
from a dangling end ofNE monomers. Expressions for this “test
creation event’’ are obtained by asserting a form for the
destruction probability,wd(NE); then the following detailed
balance condition provides the joint creation probability per unit
time, Wc(NE,Qs,Ns):

whereW denotes a joint probability density andw denotes a
marginal probability density. Note the slight misprint in the
corresponding equation from ref 32 which is corrected here.
Once the following form for the destruction probability per unit
time is asserted

then progressively integrating the joint probability (eq 8) leads
to an explicit expression forwc(NE) along with the conditional
probability distributions, from which the properties of the newly
created entanglement segment can be generated (see section
4.2 for details of this derivation). The form of eq 9 ensures
that the number of monomers in the new segmentNs is
chosen evenly between 0...NE, which is consistent with the
assumption of a homogeneous distribution of potential entangle-

ment points. It is also the simplest function that leads to the
logical properties:

Underlying this derivation is the assumption that the dangling
ends have sufficient time to fully explore the majority of
microstates available to them and that potential sites for the
creation of an entanglement junction are evenly distributed
throughout the space explored by the dangling end. Therefore,
the probability of creating a new entanglement junction at any
position is proportional to the probability of finding a monomer
from the dangling end in close vicinity.

It is interesting to note that eq 9, as postulated in ref 32,
cannot be written in a universal form that depends only onNE/
Ne and not Ne itself. Consequently, both the creation and
destruction probability functions have an explicit dependence
on Ne. This nonuniversality in the prefactor of this function is
quite contrary to usual models of polymer dynamics. In section
4.2.1 we make a simple modification of this prefactor to a
universal form in our formulation of the model, and in section
5 we show that the nonuniversal form artificially overpredicts
the influence of contour length fluctuations on moderately
entangled chains.

In this paper we adopt the general formalism of Schieber et
al.32 but change both the chain free energy and mobility matrix
in order to make the model suitable for simulations of
electrophoresis.

4. Electrophoresis Model

In this section we present a new simulation algorithm for
electrophoresis modeling which is built upon the rheological
model of Schieber et al.32

4.1. Modified Free Energy. In order to generalize the
temporary network model to electrophoresis, we need to include
the effect of an external electric field. Furthermore, since we
wish to model highly extended chains, we must also account
for changes in the strand force-extension law as the strand
approaches full extension. These two effects can be entirely
incorporated into the strand free energy, and from this they
influence both the monomer sliding dynamics and entanglement
renewal.

Taking the effective charge per monomer to beêq whereê
is a dimensionless parameter that characterizes the degree of
counterion screening, then a field of magnitudeE acting along
the x-axis results in a potential ofΨ(x) ) qêEx. We assume
that the average position of each monomer is the center of its
respective segment (see Figure 3), which is consistent with the
coarse-graining of the model, to obtain the following expression
for the field contribution to the free energy

Figure 2. Creation of a new entanglement segment.
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whereθ is the angle betweenQs and the field direction. For
the chain ends, the segments are assumed, on average, to be
positioned at the end entanglement point

Although these free energies depend upon the absolute position
of the previous entanglement point, we will always be compar-
ing the difference of two free energies, and this difference can
be expressed entirely in terms of the segment orientations,{Qs}.

To model highly extended chains, we note that the minimum
number of Kuhn steps required to span an internal segment of
lengthQs is

and the free energy must account for the significant loss of chain
entropy as the strand approaches this configuration. The
appropriate, finitely extensible free energy can be expressed in
terms of the inverse Langevin function.44 We use the form
suggested by ref 32, which is obtained by integrating Cohen’s
Padéapproximant of the inverse Langevin function45

Note that this form of the free energy diverges asNs f Ns
min,

as required. An alternative choice to incorporate finite exten-
sibility would be to use the wormlike chain model to account
for chain semiflexibility in the model. However, Hur et al.46

performed Brownian dynamics simulations under shear flow
for both inverse Langevin-type chains (similar to eq 14) and
wormlike chains and demonstrated that there was very little
difference in the stretching dynamics between the two chain
types. Thus, there is no reason to expect much difference would
result from using a different finitely extendable spring. Alterna-
tive spring laws could, however, be incorporated into algorithm,
if required.

The free energy of the dangling ends is not affected by the
finite extensibility condition. Our final expression for the free
energy of an internal segment is thus

4.2. Entanglement Creation Dynamics.We discussed in
section 2 the influence of entanglement renewal at the chain
ends on the chain dynamics under an electric field. Thus, it is
important to derive an unambiguous procedure to describe this

process. In section 3.3.2 we described the approach to entangle-
ment renewal used by Schieber et al.32 to model the Gaussian
zero-field case. This approach can be directly applied to our
modified free energy, resulting in an algorithm that captures
the influence of the external electric field on both the frequency
of creation events and the orientation of newly created segments.
The underlying approach is the same; however, the inclusion
of the field significantly increases the complexity of the
integration and the resulting probability density functions. As
before, we substitute the desired free energy expression into
the detailed balance eq 8 to obtain a master joint probability
function. This function can be split into the following subprob-
abilities

whereNE is the number of segments in the current dangling
end andNs andQs are the number of monomers and segment
vector, respectively, for the newly created segment (see Figure
2). The single-variable marginal distribution distribution,wc-
(NE), is found by integrating over all allowed values ofQs and
Ns; the conditional probabilityp(Ns|NE) is found from

and similarly for p(Qs|Ns). In the simulation algorithm the
creation probability per unit time,wc(NE), is tested, for both
chains ends, at each time step. Whenever the test is positive, a
new segment is generated with properties drawn from the
derived conditional probabilities.

In this work we do not consider the effect of chains leaking
laterally between the tube constraints, known as hernia forma-
tion. We do not expect this process to have a significant effect
on steady-field mobility or on electrostretching since the
formation of hernias in a fully stretched chain will be very
unlikely due to the entropy cost of further extending the chain.
We note that Zimm argued that this mechanism is needed to
predict a sufficiently deep antiresonance effect to match that
seen in pulsed field electrophoresis experiments,33 as was
recently confirmed by ref 47. The detailed balanced based
procedure for renewal of entanglement junctions at the chain
ends, as outlined above, could naturally be generalized to self-
consistently model hernia formation, but we leave this to future
work.

4.2.1. Modified Entanglement Destruction Probability.As
noted in section 3.3.2, the form of the entanglement destruction
probability used in ref 32 has an explicit dependence onNe,
rather than depending only on the universal ratio ofNE/Ne. In
our simulations we modify the prefactor of eq 9 to obtain a
universal expression. Thus, the destruction probability becomes

Note the factor ofxNe difference with eq 9. In section 5 we
demonstrate that the nonuniversal form artificially overestimates
the influence of contour length fluctuations in moderately
entangled chains, whereas the universal form of eq 18 produces
low field behavior that is in significantly better agreement with
scaling theories and experimental data for constant-field mobil-
ity. This improved form forwd(NE) can now be carried over
into rheological modeling, which illustrates how using the same

Figure 3. Computing the charged segment potential.
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framework for both electrophoresis and rheology may lead to
improvements for both.

4.2.2. Dimensionless Units.We introduce the following
dimensionless units for length, monomer number, electric field,
time, and number of entanglements

whereNbp is the number of DNA base pairs per chain,NK
bp is

the number of base pairs per Kuhn step, andτe is the Rouse
time of an entanglement segment, the relaxation time of a chain
that is just long enough to span a single entanglement segment
(τe ) Ne

2b2ú/kBT). From these quantities a useful reference value
for the electrophoretic mobility can be obtained. In the limit of
short chains, the entangling matrix has no effect, and the chains
are in the free draining limit. In this case the electrophoretic
mobility is independent of molecular weight and is given by
the effective charge per Kuhn step divided by the drag per Kuhn
step. In terms of our parameters this is given by

This quantity should not be confused with the free solution
mobility, the chain mobility in the absence of an entangling
matrix. Differences between these two quantities are to be
expected since the monomer drag,ú, may vary somewhat with
matrix concentration.

4.3. Electrophoresis Simulation Algorithm.First, an equili-
brated chain is obtained by generating a chain from the
probability distribution given by eq 3, following the method of
Schieber et al.,32 using the chain free energy with no electric
field. The simulation time is then advanced in small time
increments with two stages to each time step, sliding dynamics,
and entanglement creation/destruction.

The monomer sliding stage is governed by a Langevin
equation, which controls the sliding rate from each entanglement
segmentNi. In dimensionless units this is

whereJ̃i,i-1 ) 2(Ñi + Ñi-1)/(Q̃i + Q̃i-1)2 is the dimensionless
mobility matrix, µ̃i ) (Ne/kBT)(∂F/∂Ni) is the dimensionless
chemical potential, and the dWi are a set of independent Wiener
increments of unit width. The sliding step is performed by
numerically solving the system of equations defined by eq 21
implicitly over a short finite time interval∆t̃, for i ) 1...Z. For
details of the derivation of eq 21 and the numerical algorithm
for this stage see Appendix A.

For the entanglement creation and destruction stage we first
test for the destruction of entanglements at both chain ends.
The probability of removing the end entanglement is given by

whereÑE denotes the dimensionless number of monomers in
the dangling end. Then we test for the creation of a segment.

The overall creation process is governed by the joint probability
density

whereF̃ is the strand free energy (overkBT) andÑs andQs are
the number of monomers on length of the newly created
segment, respectively. The required marginal and conditional
probabilities are obtained by successive integration of eq 23.
This general method is independent of the free energy expres-
sion, although the integration strategy depends on the functional
form of the free energy. Expressions for the free energies in
the presence of a field are given in eqs 15, 2, and 12, and
Appendix B contains our integration method for Gaussian and
finitely extensible chains.

5. Results

The constant-field electrophoretic mobility,µE, is defined as

whereVdrift is the chain drift velocity under a constant electric
field. We use our simulation algorithm to compute the mobility
by obtaining a drift velocity from an average over a long
simulation run. Our results provide the quantity

which, from the definition of the dimensionless units (section
4.2.2), shows thatµsimulation

E ) µE/µ0
E. For all results in this

section a value ofNe ) 100 was taken for the finite extensibility
parameter (see eq 14); however, identical results were obtained
using the Gaussian form of the strand free energy, indicating
that the influence of finite extensibility on constant field mobility
is small.

A number of asymptotic results for the constant-field mobility,
which have been observed in experiments for both double and
single stranded DNA,40,48,49 can be explained by the BRF
model.24,50 Our simulation algorithm recovers these scaling
results and also models the crossover regimes between these
behaviors. Figure 4 shows the variation of mobility with field
strength for a range of molecular weights. All error bars
represent the statistical uncertainties, which are estimated by
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Figure 4. Simulation results for constant-field mobility vs field for a
range of molecular weights. The solid lines are the results of the
interpolation function, eq 27.
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µE )
Vdrift

E
(24)

µsimulation
E )
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dividing the simulation run into a number of equal-length-long
subruns and computing the standard error in the mean of this
set of runs. The results are independent of the size of the subruns
provided each subrun is sufficiently large. Consistent with the
BRF model and experiments, two scaling regimes are evident
in the simulation results. At low fields (Zε , 1) the mobility
saturates to a value that is independent of applied field,µlow

E . In
the opposite limit (Zε . 1, ε < 1), the mobility scales linearly
with the field strength and is independent of molecular weight.
The simulations predict a smooth crossover between these two
cases.

It is instructive to examine the variation of the low field limit
of mobility (µlow

E ) with molecular weight, which is plotted in
Figure 5. The BFM model predicts thatµlow

E ∼ 1/Z for long
chains, and this behavior is produced by our simulations. There
is some mild deviation from this scaling for weakly entangled
chains (Z ∼ 10), but this is to be expected since for marginally
entangled chains the mobility should tend toward the free chain
case (i.e.,µlow

E f µ0
E). Also shown in Figure 5 are the results

obtained using the nonuniversal expression for the end entangle-
ment segment creation and destruction probabilities (eq 9) with
a value ofNe ) 100 chosen, as suggested as a typical value by
Schieber et al.32 See section 3.3.2 for a discussion of this
nonuniversal form. This form for the entanglement renewal
probabilities causes significantly more frequent replacement of
end segments. For moderately entangled chains this clearly
overestimates the influence of contour-length fluctuations since
the results show a sharp departure from the∼1/Z scaling at
aroundZ ) 20, which speeds the tendency of the mobility to
approachµ0

E as Z f 0. The results for long chains do not
appear to be affected since the two expressions give the same
values, suggesting that, in this case, the deeper contour-length
fluctuations are controlled by the free energy of the internal
segments.

5.1. Interpolation Formulas. With the asymptotic behavior
of the simulations established it is convenient to describe all
constant-field mobility results with a formula that interpolates
between these asymptotes. Forµlow

E (Z) the asymptotes are
µlow

E (Z) f µ0
E asZ f 0 andµlow

E (Z) ≈ 1.1/Z for Z . 1, with the
prefactor of 1.1 obtained by fitting simulation results forZ J
20 (see the dashed line in Figure 5). These asymptotes are
captured by the following equation forµ̃low

E ) µlow
E /µ0

E

where the numerical prefactors were obtained by fitting our
simulation results.

For the more general case ofµE(ε,Z), the results tend to
µlow

E (Z) at low fields andµE/µ0
E ≈ 0.67ε when Zε is large,

where the value of 0.67 is obtained from the simulation results
(see the dashed line in Figure 4). These two asymptotic limits
can be interpolated between by the following hyperbola

wheres ) 0.67 gives the correct high-Z behavior,µ̃low
E (Z) is

given by eq 26, anda controls the sharpness of the interpolation
between the two asymptotic regimes. A value ofa ) 0.4/Z2

gives smooth agreement with the simulation results in the
crossover regime, as is shown in Figure 4.

5.2. Comparison with Experimental Data.In this section
we quantitatively test the model against constant-field mobility
data for double-stranded DNA in a range of agarose gel
concentrations.40 This procedure allows us to obtain values for
the various model parameters by fitting the interpolation formula
(eq 27) to experimental data for constant-field electrophoresis.
Values for the Kuhn step length and the number of base pairs
per Kuhn step are known to reasonable accuracy, and we use
values ofb ) 100 nm andNK

bp ) 300 for these, respectively.
The other required parameters are the effective charge per Kuhn
stepqê, the friction per Kuhn stepú, and the gel pore sizea.
The pore size specifies the number of Kuhn steps per entangle-
ment segment viaa2 ) Neb2. With values of these parameters
all the reduced units in eq 19 can be converted to real quantities.
Approximate values of each of these parameters are known,
but they are expected to vary with temperature, gel concentra-
tion, or salt concentration. Therefore, we use these known values
as a guide and make small adjustments to fit the data by Heller
et al.40 For an agarose concentration of 1% this gives values of
qê ) 60e, ú ) 1.15 × 10-9 N s/m, anda ) 200 nm. The
comparison is shown in Figure 6, which shows electrophoretic
mobility against field strength. We note that, althoughτe is not
required to compute the steady-state constant-field mobility, it
is still specified by these above quantities, with a value ofτe )
0.047 s. To verify this value, measurements under nonsteady
conditions would be needed.

To further extend this characterization, we model the remain-
ing agarose concentrations in the study of Heller et al.40 The

Figure 5. Simulation results for low field mobility vs molecular weight.
The solid line is the interpolation formula of eq 26.

µ̃low
E ) exp(-0.27Z) + 1.1

Z
(1 - exp(-0.01Z2)) (26)

Figure 6. Comparison of experimental data for constant-field elec-
trophoresis of double-stranded DNA in a 1% agarose gel by Heller et
al.40 with the interpolation formula (eq 27).
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gel pore size and possibly the Kuhn step friction are expected
to vary with gel concentration,Φ, whereas all other parameters
are fixed. By fitting the remaining data, we obtaina ∼ Φ-0.5,
which is typical for agarose gels (see for example ref 51). With
this scaling of the tube diameter no scaling of the friction with
gel concentration is required. The resulting comparison is shown
in Figure 7. Generally, the agreement is close for well-entangled
DNA at gel concentrations between 0.5% and 1.2%. There is
some systematic disagreement for the shorter DNA chains at
the lower gel concentrations since these systems are only
marginally entangled. Agreement across all DNA lengths is
weaker for the highest gel concentration of 1.5% since at this
concentrationNe ) 2.67, indicating that the tight gel limit is
being approached and the model assumptions begin to break
down. This data comparison demonstrates how the simulation
results can be used to characterize DNA-matrix systems. The
interpolation formulas (eqs 26 and 27) allow convenient fitting
of constant field data, which then provides all physical
parameters required by the model.

6. Conclusions

We have generalized an approach from rheological model-
ing32 to derive a coarse-grained Brownian dynamics simulation
of the motion of DNA in an entangling medium subjected to
an external electric field. The influence of the field is incorpo-
rated into the strand free energy, which then influences both
the monomer sliding dynamics and the renewal of entanglements
at the chain ends. Also included in the modified free energy is
the effect of finite chain extensibility, which is expected to be
important for general time-dependent fields. Finally, we modify
the chain mobility matrix so that it is consistent with the
instantaneous chain configuration. The resulting algorithm

provides a detailed model for DNA chain dynamics under an
electric field, and it allows both bulk rheology and electro-
phoresis to be modeled under the same theoretical framework.

We outline a stable and efficient numerical algorithm to solve
the model, which is suitable for a wide range of field conditions.
Results are presented for constant field mobility, and these are
shown to be consistent with both theoretically derived scaling
regimes and experimental results. We provide a simple inter-
polation formula, describing all our constant field results, and
use this formula to fit experimental data for electrophoresis of
double-stranded DNA in an agarose gel matrix. The formula is
able to accurately describe a range of gel concentrations using
a simple scaling law for the gel pore size with concentration.
This procedure allows a characterization of the DNA-gel
system from constant-field data alone.

The model framework suggests that a range of further
refinements are possible. It is interesting to verify if the model
can also describe electrophoresis of single-stranded DNA and
to compare the resulting molecular parameters with this work
for double-stranded DNA. The model can also predict the degree
of dispersion about the mean drift velocity, leading to a
predictions of the resolution, which could also be compared with
experimental results.52 Motion of the entangling medium could
be accounted for to allow modeling of linear entangling matrices
in addition to cross-linked gels. This could be achieved by
utilizing concepts of “constraint release’’ from rheological
modeling.53,54Hernia formation, extended chain loops protruding
from the side of the tube, could be described by a generalization
of the creation and destruction algorithm for entanglement
junctions at the chain ends. This theoretical framework could
be used to model tightly entangled chains, by taking a
semiflexible expression for the strand free energy. This would
allow more complete modeling of the range of gel concentrations

Figure 7. Comparison of experimental data for constant-field electrophoresis of double-stranded DNA in a range of agarose gel concentrations by
Heller et al.40 with the interpolation formula (eq 27). The concentration scaling of the model parameters is discussed in the text.
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commonly used in electrophoresis. Again, guidance may be
found in rheological theories.55

Appendix A. Monomer Sliding Dynamics

In this appendix we derive a new expression for the mobility
matrix, which determines the rate of monomer sliding in
response to gradients in the chemical potential. We allow this
quantity to fluctuate with the local chain configuration to
produce an expression in which each monomer carries an equal
amount of drag. We require an expression for the mobility
matrixLij which determines the rate of change ofNi in response
to differences in chemical potential. Considering a single
entanglement segment in isolation, we need to findJ such that

whereF is the strand free energy. By counting the total drag
from all monomers in the segment, the rate of change of
primitive path,l, in response to an external force is

whereú is the friction per monomer, and we have written the
external force as the spatial derivative of a free energy,F. The
number of monomers per unit length of primitive path is
averaged over the segment to give dN ) (N/Q)dl, and this
expression is substituted into eq 29

Comparing with eq 28 gives

Averaging the mobility over neighboring segments allows us
to define the mobility across the junctioni, which is determined
by segmentsi and i - 1

Fixing the values ofÑi andQ̃i at their mean equilibrium values
in eq 32 will recover the mobility matrix used by ref 32.
Replacing the constant mobility matrix in eq 4 with the locally
varying mobility allows us to define the generalized Rouse

matrix, which respects monomer conservation and chain con-
nectivity

The next step is to convert the Fokker-Planck equation to an
equivalent Langevin equation which is achieved by the approach
of ref 43. The noise term is given by

where the dWi are uncorrelated Wiener increments of unit width
and the matrixσij is related to the mobility matrix viaLpq )
∑kσpkσqk. Thus,σ can be determined by Cholesky decomposition
to give

Continuing with the algorithm, the Langevin equation becomes
(by noting that∑m(∂Lnm/∂Nm) ) 0∀n)

Inserting the chemical potential and the specific form of the
mobility matrix (eq 33) leads to

Taking an implicit time step of size∆t and dividing byNe to
insert the dimensionless units (eq 19) gives

whereµ̃ ) Neµi/kT is the dimensionless chemical potential. In
eq 42i runs from 1...Z. To ensure that the same equation holds
for the dangling ends segments, we setJ1,0 ) 0, JZ,Z+1 ) 0,
which guarantees no flux into or out of the fictitious segments
at i ) 0 andZ + 1. Since the elastic part of the free energy
must be solved implicitly over the time step, we split the
chemical potential into an elastic and an external field con-
tribution.

We also note that theQ̃i do not change during the monomer
shuffling stage of the time step. For conciseness we define
Ñ′i ) Ñi(t + ∆t) andµ̃i

el ) µ̃i
el(Ñi(t + ∆t)). These steps allow us

to separate terms depending on the unknown monomer config-
uration at the end of the time step,{Ñ′i}, from those that
depend only on the known starting configuration,{Ñi}. Thus

Figure 8. Response of the system to an external force.
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Here theFi depend only on the configuration at the start of the
time step

and the difference in field potential between neighboring
segments is

The desired form for the elastic part of the free energy can now
be substituted in to yield the system of nonlinear equations that
is to be solved. If the Gaussian form is used, then the iterative
scheme used by Schieber et al.,32 which involves solving a cubic
equation for each segment at each iteration step, will still work
in this case. For the finitely extensible form of the free energy
we solve the entire system by using a standard multidimensional
Newton root-finding approach, which utilizes a line search and
backtracking algorithm (see section 9.7 in ref 56).

Appendix B. Creation and Destruction Probabilities with
Electric Field

First we consider a Gaussian chain in an external field.
Substituting eqs 11, 12, and 9 into the detailed balance
expression (eq 8) gives

Integrating overall values ofQ̃s gives

Continuing with the integration overÑs ) 0...ÑE yields the
probability per unit time of entanglement creation,wc(ÑE).

where

We derive an efficient and accurate method of approximating
this integral for allx in Appendix B.1. An expression for the
conditional probability,p(Ñs|ÑE), is obtained by dividing eq 44
by eq 45.

This distribution defines the number of monomers to be placed
inside a newly created segment. Random numbers with this
distribution can be generated using the rejection method56 by
taking, for the trial function, the maximum value ofp(Ñs|ÑE)
on [0,ÑE]. For moderate values of the field the shape ofp(Ñs|ÑE)
is smooth enough that the rejection method is efficient. For
larger fields the distribution in eq 47 tends to a Gaussian
distribution, andÑs can generated by exploiting this.

Given the number of monomers in the new strand,Ñs, next
we generate the orientation vector of the strand,Q̃s, consistently
with the value ofÑs. The appropriate conditional probability is

which gives the usual Gaussian distribution whenε f 0. Clearly,
φ is distributed evenly between 0...2π. Integrating over both
angles gives the distribution of entanglement lengths

where the normalization constant,A, is

Values forQ̃s are generated from eq 49 using a similar strategy
to that used to generateÑs. Finally, we generate the angle of
the new strand with the field,θ, from

The angular distribution is Boltzmann weighted in the field
potential of the new strand, similar to previous theories.33

However, in these earlier approaches the number of monomers
used in the Boltzmann weighting was arbitrarily set at the
average number per segment in equilibrium,Ne, whereas with
this algorithm we generate the number of monomers and length
of the new segment from a stochastic algorithm that is
determined self-consistently from the chain free energy. The
distribution for cosθ can be integrated and inverted to give an
analytic selection rule

whereê is chosen randomly from an even distribution between
0...1 andX ) (ÑE - 1/2Ñs).

Ñ′i ) - ∆t
2τe

(J̃i,i-1 + J̃i,i+1)µ̃i
el′ + ∆t

2τe
[J̃i,i-1µ̃i-1

el′ +

J̃i,i+1µ̃i+1
el′ ] + Fi(t) (40)

Fi(t) ) Ñi - ∆t
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2πÑs

)3/2

exp[-
3Q̃s

2

2Ñs
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2πÑs

)3/2
exp[- ε

2

6
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The above derivation provides expressions for the probability
of entanglement creation along with distributions for the details
of the new segment. We testwc(ÑE) at each simulation time
step and, if the test is positive, generate a new segment withQ̃s

andÑs given by the above conditional probability distributions.
The procedure can be repeated using the finitely extensible free
energy to produce an equivalent entanglement renewal algo-
rithm. See Appendix B.2 for this derivation.

B.1. Cubic Exponential Integral Evaluation. In this ap-
pendix we seek an efficient method to evaluate the numerical
integral in eq 46. We note that the integral can be written as

where fx(t) ) t3 - 4t2x + 4tx2. For largex, most of the area
under the integrand, in the range of integration, is focused
around the maximum offx(t) at t ) 2x/3, and the integrand is
approximately Gaussian in this region. We may take a second-
order expansion offx(t) around this maximum to obtain an
approximate Gaussian form for the integrand.

To account for allx, we write the integral as

where

The functionG(x) is relatively smooth, andG(x) ≈ x2/πx3/2

for x , 1 andG(x) f 1 asx f ∞. Thus, it can be approximated
by a quotient of the form

The ak and bk are found by fitting eq 57 to values ofG(x)
produced by numerical integration. TakingN ) 6 produces
agreement within 1%∀x, and coefficients for this approximation
are given in Table 1.

B.2. Entanglement Renewal for the Finitely Extensible
Free Energy. In this appendix we rederive the entanglement
renewal algorithm using the modified finitely extensible free
energy. Proceeding as in section B, we substitute the desired
free energy expression into the detailed balance expression (eq

8). Switching to spherical polar coordinates gives

We defineλ ) xNe and X ) ε(ÑE - Ñs/2) and integrateWc

over both the azimuthal and polar angle to give

wherep(Q̃s,Ñs,ÑE) is the probability per unit time of creating,
from an initial dangling end ofÑE monomers, a new segment
of length Q̃s, containingÑs monomers. The integral overQ̃s

cannot be performed analytically, however, substituting in the
power series expansion of sinh(x) ) ∑i odd(xi/i!) allows us to
proceed

The integral overQ̃s is analytic for all values ofi

where 1F1(a,b,z) is the confluent hypergeometric function of
the first kind. DefiningV ) λ2Ñs, x ) ÑEλ2, and i ) 2k + 1
allows

One can show that the radius of convergence of this series is
infinite for all V > 0 by first noting that1F1(3/2 + k,5/2 + k +
V, -V/2) asymptotically tends to exp(-V/2) ask f ∞ and then
applying the Cauchy ratio test. Furthermore, our evaluations of
eq 62 show thatp(Ñs,ÑE) is relatively smooth and requires only
a small number of terms for the sum to converge, provided both
ε, λ j 30. Thus, numerical evaluation of

is fairly inexpensively. We use the rejection method to generate
Ñs givenÑE, picking the trial function to be a constant function
taking the value of the maximum of eq 62. This maximum is

Table 1. Values for Quotient Approximation of G(x)

k

1 2 3 4 5

ak N/A N/A N/A 1.564 -1.577
bk 2.065 -2.111 0.317 2.228 -1.692

CubicExpInt(x) ) ∫0

x
exp[fx(t)] dt (53)

CubicExpInt(x) ≈ exp(32x3

27 )∫-∞

∞
exp(-2x(t - 2x

3 )2) dt

for x . 1

) exp(32x3

27 )xπ
2x

(54)

CubicExpInt(x) ) xπ
2x

exp(32x3

27 )G(x) (55)

G(x) ) x2x
π ∫0

x
exp(t3 - 4t2x + 4tx2 - 32x3/27) dt

(56)

G(x) ≈
x(2/π)x3/2 + ∑

k)1

N-1

akx
k/2 + xN/2

1 + ∑
k)1

N-1

bkx
k/2 + xN/2

(57)

Wc(Q̃s,Ñs,ÑE) ) 1
τex 3

ÑE( 3
2πÑs)3/2

exp[-
Q̃s

2

2Ñs
+

ε(ÑE - 1
2
Ñs)Q̃s cosθs](1 - ( Q̃s

xNeÑs
)2)NeÑs

dQ̃s
3 dÑs (58)

p(Q̃s,Ñs,ÑE) ) 2π
τex 3

ÑE( 3
2πÑs)3/2

2
X

sinh(Q̃sX) exp(-
Q̃s

2

2Ñs)
(1 -

Q̃s
2

λs
2Ñs

2)λÑs

Q̃s dQ̃sdÑs (59)

p(Ñs,ÑE) )
2π

τex 3

ÑE
( 3

2πÑs
)3/2

2 ∑
i odd

Xi-11

i!
∫0

λ
ÑQ̃s

i

exp(-
Q̃s

2

2Ñs
)(1 -

Q̃s
2

λs
2Ñs

2)λÑ

Q̃sdQ̃sdÑs (60)

p(Ñs,ÑE) )
2π

τex 3

ÑE
( 3

2πÑs
)3/2

∑
i odd

Xi-1
Γ(1 + i/2)

i!
Ñs

3+iλ4+i

Γ(Ñsλ
2)1F1(1 +

i

2
, 2 +

i

2
+ Ñsλ

2, -
Ñsλ

2

2
) dÑs (61)

p(Ñs,ÑE) )
2π

τex 3

ÑE
( 3

2π)3/2

∑
k)0

∞ Γ(3/2 + k)

(2k + 1)! [εV(x - V/2)

λ3 ]2k

Γ(V)V5/2
1F1(32 + k,

5

2
+ k + V, -

V

2) dÑs (62)

wc(ÑE) ) ∫0

ÑEp(Ñs,ÑE) dÑs (63)
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found numerically using the golden search algorithm [see section
10.1 of ref 56]. A single evaluation ofwc(ÑE) provides the
normalization constant.

For the high field limit, whereε > λ andλ j 30, each of the
integrands can be approximated by a Gaussian function in a
similar approximation method to that used in Appendix B.1.
This obviates the need evaluate the problematically large
normalization functions since a Gaussian distribution can be
readily generated once the mean and variance are known.
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